Parton distribution functions (PDFs) are the most prominent nonperturbative quantities describing the relation between a hadron and the quarks and gluons within it, and play an essential role to connect the dynamics of QCD to the cross sections of colliding hadron(s). Extending Ji's recent suggestion [1], we propose to extract PDFs from QCD global analysis of "data" from lattice QCD calculations of hadronic matrix elements, whose continuum limit can be perturbatively factorized in terms of PDFs. Although the operators defining the quasi-PDFs, introduced by Ji [1], could have linear as well as quadratic ultra-violet divergence, we demonstrate to all orders that these quasi-PDFs could be factorized into the normal PDFs. We present the derivation of next-to-leading order factorized coefficient functions.
Parton distribution functions (PDFs) are the most prominent nonperturbative quantities describing the relation between a hadron and the quarks and gluons within it, and play an essential role to connect the dynamics of QCD to the cross sections of colliding hadron(s). Extending Ji's recent suggestion [1] , we propose to extract PDFs from QCD global analysis of "data" from lattice QCD calculations of hadronic matrix elements, whose continuum limit can be perturbatively factorized in terms of PDFs. Although the operators defining the quasi-PDFs, introduced by Ji [1] , could have linear as well as quadratic ultra-violet divergence, we demonstrate to all orders that these quasi-PDFs could be factorized into the normal PDFs. We present the derivation of next-to-leading order factorized coefficient functions. Introduction-Quantum Chromodynamics (QCD) is believed to be the fundamental theory for strong interactions, and is responsible for holding the quarks and gluons (or in general, partons) together by color force to form nucleons and nuclei, the core of all visible matter in the universe. However, owing to the color confinement of QCD dynamics, no quarks and gluons have ever been directly observed by any detector in high energy scattering experiments. It is the QCD factorization [2] that enables us to connect the QCD dynamics of quarks and gluons to physically measured hard scattering cross sections of identified hadrons, by systematically separating the physics taking place at different momentum scales. Parton distribution functions (PDFs), f i/h (x, µ 2 ), defined as the probability distributions to find a quark or a gluon (i = q,q, g) in a fast moving hadron carrying the hadron's momentum fraction between x and x + dx, probed at the factorization scale µ, are the most prominent nonperturbative quantities to link the short-distance scattering between quarks and gluons to the confinement-sensitive physics of the colliding hadron(s).
PDFs also carry an invaluable source of information on hadron's partonic structure -how partons are confined and distributed inside a hadron. Enormous theoretical and experimental efforts have been devoted to the extraction of the PDFs by QCD global analysis of all existing high energy scattering data in the framework of QCD factorization [3] [4] [5] [6] . Although PDFs are not direct physical observables, like cross sections, they are well-defined matrix elements of quark and/or gluon fields in QCD. It is critically important to calculate the PDFs directly from QCD, such as lattice QCD, and compare them with what have been extracted from global fitting of experimental data. However, it is difficult, if not impossible, to calculate PDFs directly in lattice QCD with an Euclidean time since the operators defining PDFs depend on Minkowski time. Recently, Ji [1] introduced a set of quasi-PDFs, which are defined in terms of hadronic matrix elements of equal time correlators, which could be calculated in lattice QCD [7] , and suggested that the quasi-PDFs become the normal PDFs when the hadron momentum P z is boosted to the infinity. However, since the hadron momentum in lattice QCD calculation is effectively bounded by the lattice spacing, the P z → ∞ limit is hard to take. The connection between the quasi-PDFs and the normal PDFs is further complicated by the fact that the operator defining the quasi-quark (quasi-gluon) distribution is linearly (quadratically) ultra-violet (UV) divergent, while the operators defining the normal PDFs have only logarithmic UV divergence.
In this Letter, by extending Ji's suggestion, we propose a program to extract PDFs from QCD global analysis of "data" from lattice "cross sections", defined as hadronic matrix elements of a finite P z , which are calculable in lattice QCD and whose continuum limit can be perturbatively factorized in terms of PDFs. As an example, we demonstrate to all orders in QCD that at a finite P z , the quasi-PDFs could be factorized into the normal PDFs with calculable coefficient functions, and thus, are good lattice "cross sections". We derive the coefficient functions at the next-to-leading order (NLO) for all partonic channels to explicitly verify that they are free of UV, infrared (IR) and collinear (CO) divergences [8] . We also briefly comment the extension of this lattice QCD based approach to the extraction of the generalized PDFs (GPDs) [9] and transverse momentum dependent PDFs (TMDs) [10, 11] , with which we could derive a comprehensive three-dimensional "view" of hadron's quark and gluon structure.
Lattice "cross section"-We define a lattice "cross section", σ Lat E (x, 1/a, P z ), as the Fourier transform of a hadronic matrix element, h(P )|O(ψ, A)|h(P ) of hadron momentum P µ = (P 0 , 0 ⊥ , P z ) with P 0 ≈ |P z | and an operator of quark ψ and gluon A field, where P z mimics the "collision energy", the transverse lattice spacing a defines the hard scale ∼ 1/a, and the dimensionless parameter x mimics the"rapidity". A good σ Lat E (x, 1/a, P z ) should have the following properties:
• The matrix element must be calculable in lattice QCD with an Euclidean time, indicated by the "E",
• It has a well-defined continuum limit that is UV and IR safe perturbatively,
• All CO divergences of its continuum limit can be factorized into the normal PDFs with perturbatively calculable hard coefficient functions.
Our strategy to search for good lattice "cross sections" could be summarized by the following schematic plot,
2 , P z ), as indicated by its subscript "M", and theμ is a hard scale, which could be the UV renormalization scale of the composite operator O(ψ, A) or a large physical scale Q other than the P z if the operator is made of conserved currents/tensors. Eq. (1) outlines three necessary steps to identify a good lattice "cross section": (1) demonstrate that σ E (x,μ 2 , P z ) is UV and IR safe, and the matching coefficients Z's are calculable in lattice QCD perturbation theory [12] , (2) verify thatσ E (x,μ 2 , P z ) =σ M (x,μ 2 , P z ), and (3) show that all perturbative CO divergences of σ M (x,μ 2 , P z ) can be systematically factorized into the normal PDFs with coefficient functions C's,
with power corrections of O(1/µ α ), where µ is the factorization scale and the value of α depends on the nature of σ M (x,μ 2 , P z ). Equation (2) requires the perturbative CO divergence of good lattice "cross sections" to be processindependent or universal.
Once we identify good lattice "cross sections", we are able to factorize them in terms of the PDFs directly,
where C's are perturbative coefficient functions. By applying Eq. (3) to various parton states, |h(P ) → |f (P ) with flavor f = q,q, g, the C's can be systematically derived by calculating σ Lat E (x, 1/a, P z ) on a parton state in lattice QCD perturbation theory and f i/f (x, µ 2 ) of the same parton state in perturbative QCD. Our program to extract the PDFs from lattice calculations is effectively reduced to three separate parts: (1) generate the "data" of σ Lat E (x, 1/a, P z ) from lattice QCD simulation, (2) derive the matching coefficient functions, C's, in Eq. (3), and (3) perform QCD global analysis of the lattice "data" to extract the PDFs by using Eq. (3). The last part is effectively the same as the traditional way to extract PDFs except it uses the lattice "data" instead of the data from high energy scattering.
The lattice based approach is less sensitive to the PDFs at small x because of the limit on lattice size, while it is ideal for extracting PDFs at large x [8] . In the case of extracting GPDs and TMDs, the "cross sections" in Eq. (1) are necessarily to have additional dependence on momentum scales to characterize the physics not collinear to the hadron momentum P µ [1, 8] . Quasi-PDFs-The quasi-PDFs, introduced by Ji [1] , are defined as
for quasi-quark distribution with ξ 0 = ξ ⊥ = 0, and
for quasi-gluon distribution with ν summing over transverse directions. In Eqs. As defined, these quasi-PDFs are gauge invariant and could be calculated in lattice QCD [1] . But, unlike the PDFs, these quasi-PDFs are not boost invariant depending on the hadron momentum P z , and the "momentum fraction",x = k z /P z ∈ (−∞, ∞) is not bounded by P z . Furthermore, they do not conserve the total "parton" momentum [8] ,
Like the PDFs, the operators defining the quasi-PDFs are singular as ξ z → 0 and require UV renormalization. From the UV power counting [10] , the operators for quasi-quark and quasi-gluon distribution have linear and quadratic UV divergence, respectively, orf q →μ/P z and f g → (μ/P z ) 2 , asμ → ∞, which is very different from the logarithmic UV behavior of the normal PDFs [10] .
Factorization of quasi-PDFs-We show in this subsection with more details in Ref. [8] that quasi-PDFs are IR safe, their CO divergence can be systematically factorized into the normal PDFs, and their linear and quadratic UV divergence could be factorized from the logarithmic UV divergence of the PDFs, and renormalized separately.
Like the normal quark distribution, quasi-quark distribution can be represented by the forward scattering Feynman diagram, as shown in the left of Fig. 1 , with the active quark of momentum k contracted with the "cut-vertex", γ z /(2P z )δ(x − k z /P z ). The gauge link in Eq. (4) is represented by the "cut" double lines in Fig. 1 with a sum of all possible cuts, because of the identity, Φ (f,a)
nz ({∞, 0}). Following effectively the same arguments used in Ref. [10] , it is straightforward to show [8] that the quasi-PDFs of a parton state are IR safe.
FIG. 1: Ladder expansion of the quasi-quark distribution.
We find [8] that the quasi-quark distribution of a parton state of momentum p in a light-cone n · A = 0 gauge, with the light-cone vector n µ = (n + , n − , n ⊥ ) = (0, 1, 0 ⊥ ), can be approximated by a sum of ladder diagrams, as shown in Fig. 1 , plus UV counter-terms (UVCT) [13] . In kernels with all process-dependence included in C 0 , as shown in Fig. 2 , where the gauge link is along the direction n µ . By definition, K 0 includes the two quark propagators connecting to the kernel above. The 2PI kernels with fixed external momenta are finite in a physical gauge [13] . For the leading CO divergence, the spinor trace between two neighboring kernels can be approximated by the decomposition in Fig. 3 . The integration of the loop momentum k i between two neighboring 2PI kernels can be written as d
, and be reduced to an one-dimensional integration dx i , if we approximate the momentum k i entering the top kernel as
is the cut-vertex defining the normal quark distribution, the phase space integration,
Spinor decomposition between two 2PI kernels.
its two lower quark lines contracted with γ · p/2, gives the well-known logarithmic UV and CO divergences of the normal PDFs [10] . A standard UV renormalization for PDFs should remove all logarithmic UV divergences associated with this phase space integration of K 0 , so that we can introduce a renormalized 2PI as
To factorize all CO divergences of the quasi-quark distribution of a parton state into PDFs of the same parton state, we introduce a projection operator, P to pick up the CO divergence of K, and sum up all ladder diagrams in Fig. 1 in the following symbolic form,
= lim
where "UVCT" is to remove the UV divergence of quasiquark distribution that has not been removed by the renormalization of PDFs, and the subscript "ren" indicates the UV renormalization. From Eq. (7), we obtaiñ
where all CO divergences of the renormalized quasi-quark distribution are now factorized into the second term, which is equal to the perturbative contribution to the normal quark distribution. Eq. (8) also means that the power UV divergence of quasi-quark is factorized from the logarithmic UV divergence of the normal PDFs, and could be renormalized independently. The same factorization arguments can be applied to the flavor singlet channels, as well as quasi-gluon distribution, because operators defining the normal PDFs have only logarithmic UV divergence [8] . That is, the renormalized quasi-PDFs share the same CO divergence as the normal PDFs, and could be factorized in terms of the PDFs as in Eq. (2), plus the power corrections.
The coefficient functions at NLO-We derive the coefficient functions at the next-to-leading order (NLO) for all partonic channels in Eq. (2), withσ M (x,μ 2 , P z ) replaced by the quasi-DPFs, to explicitly verify that they are free of UV, IR and CO divergences. We present the derivation of C (1) q/q in this subsection, and all other coefficient functions in Ref. [8] .
Lettingσ M (x,μ 2 , P z ) =f q/q (x,μ 2 , P z ) in Eq. (2), expanding both sides to order α 0 s , and usingf
q/q (t) = δ(1 − t) with t =x/x. By expanding both sides of the equation
Next-to-leading order diagrams contribute to the quasi-quark distribution of a quark.
to order α s , and keeping only the flavor nonsinglet contribution, we obtain [8] (9) where ⊗ represents the convolution over x in Eq. (2). Using the LO results above, we obtain
. (10) Bothf (1) q/q and f
q/q can be calculated by using the Feynman diagrams in Fig. 4 , but with n z · A = 0 and n · A = 0 gauge, and γ z /2P z and γ + /2P + "cut-vertex", respectively. The f (1) q/q and its derivation are well known [8, 10] . We only give the derivation off (1) q/q here. By integrating out energy component of the gluon's momentum, we derive a compact expression,
where
c ) with N c = 3 is color factor, and the UV renormalization was imposed by a cutoff on l 2 ⊥ -integration. In Eq. (11), the [δ (1 −x − y) − δ (1 −x)] dependence ensures the valence quark number conservation. The IR divergence from 1/y 2 term, as y ∼ 0, is naturally regularized by the iε prescription, and its net contribution is equal to taking the principle value of the y-integration [8] . The CO divergence, when λ 2 → 0, is exactly the same as that of f (1) q/q . Using Eq. (10) and f (1) q/q in the MS scheme, we obtain the NLO coefficient function [8] ,
where Λ t = μ 2 /P 2 z + t 2 − |t|, Sgn(t) = 1 if t ≥ 0, and −1 otherwise. In Eq. (12), the "+"-function is conventional, and the "N "-function is similarly defined as (13) where h(t) is any well-behaved function. When P z → ∞,
, and terms within "[...] N " in Eq. (12) vanish, which is consistent with the large P z limit found in Ref. [1] . Our result for C (1) q/q (x/x) is consistent with the results obtained in Ref. [14] .
As expected, the C
q/q in Eq. (12), so as the NLO coefficient functions for other partonic channels [8] , are free of any UV, IR, and CO divergences, while the results of coefficient functions could depend on the choice of renormalization scheme. More discussion on the scheme and its consequences is given in Ref. [8] .
Summary-In summary, we proposed a program to extract PDFs from lattice QCD calculations based on QCD factorization of lattice "cross sections". We demonstrated to all orders in perturbative QCD that the renormalized quasi-PDFs could be systematically factorized into the normal PDFs with perturbative coefficient functions, to serve as good lattice "cross sections" with a finite P z as "collision energy",μ as the hard scale, and x ∈ (−∞, ∞) as the "rapidity. We verified this explicitly by calculating the NLO coefficient functions C (1) 's for all partonic channels [8] .
By calculating the quasi-PDFs in lattice QCD for finitẽ x and P z , and the NLO matching coefficients C in Eq. (3), we could extract the PDFs from the lattice QCD calculation at the NLO accuracy. However, due to the size limit of the lattice, this lattice based program is more suited for extracting PDFs at a relatively larger x, complementary to the global fitting program based on data from high energy scattering. The precision of extracted PDFs from lattice calculations could be greatly improved if we identify more "good" lattice cross sections" [8] . This new lattice global fitting program could be naturally extended to the calculations of TMDs and GPDs, by identifying corresponding lattice observables [1, 8, 15] .
